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Abstract
In 1988 Kalai constructed a large class of simplicial spheres, called squeezed spheres, and in 1991 pre-
sented a conjecture about generic initial ideals of Stanley–Reisner ideals of squeezed spheres. In the present
paper this conjecture will be proved. In order to prove Kalai’s conjecture, based on the fact that every
squeezed (d − 1)-sphere is the boundary of a certain d-ball, called a squeezed d-ball, generic initial ideals
of Stanley–Reisner ideals of squeezed balls will be determined. In addition, generic initial ideals of exterior
face ideals of squeezed balls are determined. On the other hand, we study the squeezing operation, which
assigns to each Gorenstein* complex Γ having the weak Lefschetz property a squeezed sphere Sq(Γ ), and
show that this operation increases graded Betti numbers.
© 2007 Elsevier Inc. All rights reserved.
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0. Introduction
Let K be an infinite field, R[n] = K[x1, x2, . . . , xn] the polynomial ring over a field K
with each deg(xi) = 1. For a graded ideal I ⊂ R[n], let gin(I ) be the generic initial ideal
of I with respect to the degree reverse lexicographic order induced by x1 > x2 > · · · > xn.
Let u = xi1xi2 · · ·xid ∈ R[n] and v = xj1xj2 · · ·xjd ∈ R[n] be monomials of degree d with
i1  i2  · · ·  id and with j1  j2  · · ·  jd . We write u ≺ v if ik  jk for all 1  k  d .
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initial ideals are strongly stable if the base field is of characteristic 0.
Applying the theory of generic initial ideals to combinatorics by considering generic initial
ideals of Stanley–Reisner ideals or exterior face ideals is known as algebraic shifting. Kalai [17]
proposed a lot of problems about algebraic shifting. In the present paper, we will prove a problem
in [17] about generic initial ideals of Stanley–Reisner ideals of squeezed spheres.
Squeezed spheres were introduced by Kalai [15] by extending the construction of Billera–
Lee polytopes. For a simplicial complex Γ on the vertex set [n] = {1,2, . . . , n}, let IΓ be the
Stanley–Reisner ideal of Γ . Fix integers n > d > 0 and m 0. A set U ⊂ R[m] of monomials is
called a shifted order ideal of monomials if U satisfies
(i) {1, x1, x2, . . . , xm} ⊂ U ;
(ii) if u ∈ U and v ∈R[m] divides u, then v ∈U ;
(iii) if u ∈ U and u≺ v, then v ∈U .
(In general, (i) is not assumed. The reason why we assume it will be explained in Section 2.)
If U ⊂ R[n−d−1] is a shifted order ideal of monomials of degree at most  d+12 , then we can
construct a shellable d-ball Bd(U) on [n] by considering a certain subcollection of the collection
of facets of the boundary complex of the cyclic d-polytope with n vertices associate with U . The
squeezed sphere Sd(U) is the boundary of the squeezed d-ball Bd(U). The g-vectors of squeezed
spheres are given by gi(Sd(U)) = |{u ∈ U : deg(u) = i}| for 0 i   d2 , where |V | denotes the
cardinality of a finite set V .
On the other hand, if Γ is a (d − 1)-dimensional Gorenstein* complex on [n] with the weak
Lefschetz property and if the base field K is of characteristic 0, then the set of monomials
U(Γ ) = {u ∈R[n−d−1]: u /∈ gin(IΓ ) is a monomial}
is a shifted order ideal of monomials of degree at most  d2  with gi(Γ ) = |{u ∈ U(Γ ):
deg(u) = i}|. Furthermore, if Γ has the strong Lefschetz property, then U(Γ ) determines
gin(IΓ ). (See Section 3.)
In [16] and [17, Problem 24], Kalai conjectured that, for any shifted order ideal U ⊂ R[n−d−1]
of monomials of degree at most  d2 , one has
U
(
Sd(U)
)= U. (1)
In the present paper, the above conjecture will be proved affirmatively (Theorem 4.2).
To solve the above problem, the concept of stable operators is required. Let R[∞] =
K[x1, x2, x3, . . .] be the polynomial ring in infinitely many variables and M[∞] the set of
monomials in R[∞]. Let σ :M[∞] → M[∞] be a map, I ⊂ R[∞] a finitely generated monomial
ideal and G(I) the set of minimal monomial generators of I . Write σ(I) for the ideal gener-
ated by {σ(u): u ∈ G(I)}. Let βij (I ) be the graded Betti numbers of the ideal I ∩ R[m] and
gin(I ) = gin(I ∩ R[m])R[∞] for an integer m with G(I) ⊂ R[m]. A map σ :M[∞] → M[∞] is
called a stable operator if σ satisfies
(i) if I ⊂ R[∞] is a finitely generated strongly stable ideal, then βij (I ) = βij (σ (I )) for all i, j ;
(ii) if J ⊂ I are finitely generated strongly stable ideals of R[∞], then σ(J ) ⊂ σ(I).
The first result is the following. (Similar results can be found in [3,4].)
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strongly stable ideal, then gin(σ (I )) = I .
By using Theorem 1.6, we determine generic initial ideals of Stanley–Reisner ideals of
squeezed balls (Proposition 4.1). A squeezed sphere Sd(U) is called an S-squeezed (d − 1)-
sphere if U ⊂ R[n−d−1] is a shifted order ideal of monomials of degree at most  d2 . If Sd(U)
is an S-squeezed sphere, then Bd(U) and Sd(U) have the same  d+12 -skeleton. By using this
fact together with the forms of gin(IBd(U)), we will show the equality (1). In particular, the
equality (1) immediately implies that every S-squeezed sphere has the weak Lefschetz prop-
erty.
This paper is organized as follows. In Section 1, we will study stable operators. In Sections 2
and 3, we recall some basic facts about squeezed spheres and Lefschetz properties. In Section 4,
we will prove Kalai’s conjecture. We also study some properties of S-squeezed spheres in Sec-
tions 5–7.
In Section 5, we study the relation between squeezing and graded Betti numbers. Assume
that the base field is of characteristic 0. Let Γ be a (d − 1)-dimensional Gorenstein* complex
with the weak Lefschetz property. Then U(Γ ) = {u ∈ R[n−d−1]: u /∈ gin(IΓ ) is a monomial}
is a shifted order ideal of monomials of degree at most  d2 . Define Sq(Γ ) = Sd(U(Γ )).
Then Γ and Sq(Γ ) have the same f -vector. Also, by virtue of the equality (1), we have
Sq(Sq(Γ )) = Sq(Γ ). Although generic initial ideals do not preserve the Gorenstein property,
we can define the operation Γ → Sq(Γ ) which assigns to each Gorenstein* complex Γ having
the weak Lefschetz property an S-squeezed sphere Sq(Γ ). This operation Γ → Sq(Γ ) is called
squeezing.
First, we will show that the graded Betti numbers of the Stanley–Reisner ideal of each Sq(Γ )
are easily computed by using Eliahou–Kervaire formula together with U(Γ ) (Theorem 5.3).
Second, we will show that squeezing increases graded Betti numbers (Theorem 5.5).
In Section 6, we consider S-squeezed 4-spheres. Since Pfeifle proved that squeezed 3-spheres
are polytopal, we can easily show that S-squeezed 4-spheres are polytopal. This fact yields a
complete characterization of generic initial ideals of Stanley–Reisner ideals of the boundary
complexes of simplicial d-polytopes for d  5, when the base field is of characteristic 0.
In Section 7, we consider generic initial ideals in the exterior algebra. We will determine
generic initial ideals of exterior face ideals of squeezed balls by using the technique of squarefree
version of stable operators.
1. Generic initial ideals and stable operators
Let K be an infinite field, R[n] = K[x1, x2, . . . , xn] the polynomial ring in n variables
over a field K with each deg(xi) = 1 and M[n] the set of monomials in R[n]. Let R[∞] =
K[x1, x2, x3, . . .] be the polynomial ring in infinitely many variables and M[∞] the set of mono-
mials in R[∞]. For a graded ideal I ⊂ R[n] and for an integer d  0, let Id denote the d th
homogeneous component of I .
Fix a term order < on R[n]. For any polynomial f =∑u∈M[n] αuu ∈ R[n] with each αu ∈ K ,
the monomial in<(f ) = max<{u: αu 
= 0} is called the initial monomial of f . The initial ideal
in<(I) of an ideal I ⊂ R[n] is the monomial ideal generated by the initial monomials of all
polynomials in I .
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and for any polynomial f ∈ R[n], define
ϕ
(
f (x1, x2, . . . , xn)
)= f
(
n∑
i=1
ai1xi,
n∑
i=1
ai2xi, . . . ,
n∑
i=1
ainxi
)
.
For a graded ideal I , we let ϕ(I) = {ϕ(f ): f ∈ I }.
The fundamental theorem of generic initial ideals is the following.
Theorem 1.1 (Galligo, Bayer and Stillman). Fix a term order < satisfying x1 > x2 > · · · > xn.
For each graded ideal I ⊂ R[n], there is a nonempty Zariski open subset U ⊂ GLn(K) such
that in<(ϕ(I)) is constant for all ϕ ∈ U . Furthermore, if K is a field of characteristic 0, then
in<(ϕ(I)) with ϕ ∈ U is strongly stable.
This monomial ideal in<(ϕ(I)) with ϕ ∈ U is called the generic initial ideal of I with respect
to the term order <, and will be denoted gin<(I). Let <rev be the degree reverse lexicographic
order induced by x1 > x2 > x3 > · · ·. In other words, for monomials u= xi1xi2 · · ·xik ∈ R[∞] and
v = xj1xj2 · · ·xjl ∈ R[∞] with i1  i2  · · · ik and with j1  j2  · · · jl , one has u <rev v if
deg(u) < deg(v) or deg(u) = deg(v) and for some r one has it = jt for t > r , and ir > jr . In the
present paper, we only consider generic initial ideals w.r.t. the degree reverse lexicographic order
and write gin(I ) = gin<rev(I ). We recall some fundamental properties.
Lemma 1.2. (See [3, Lemma 3.3].) Let I ⊂ R[n] be a graded ideal. Then
(i) I and gin(I ) have the same Hilbert function. In other words, dimK(Id) = dimK(gin(I )d)
for all d  0;
(ii) if J ⊂ I are graded ideals of R[n], then gin(J ) ⊂ gin(I );
(iii) gin(IR[n+1]) = (gin(I ))R[n+1].
Let M be a finitely generated graded R[n]-module. The graded Betti numbers βij = βij (M)
of M , where i, j  0, are the integers βij (M) = dimK(Tori (M,K)j ). In other words, βij appears
in the minimal graded free resolution
0 −→
⊕
j
R[n](−j)βhj −→ · · · −→
⊕
j
R[n](−j)β1j −→
⊕
j
R[n](−j)β0j −→ M −→ 0
of M over R[n]. The projective dimension of M is the integer
proj dim(M) = max{i: βij (M) 
= 0 for some j  0}.
Lemma 1.3. (See [7, Corollary 19.11].) Let I ⊂ R[n] be a graded ideal. Then
proj dim(I ) = proj dim(gin(I )).
For any monomial u ∈ M[∞], write m(u) = max{i: xi divides u}. Recall that every generic
initial ideal gin(I ) of a graded ideal I ⊂ R[n] is Borel-fixed, that is, one has ϕ(gin(I )) = gin(I )
for any upper triangular invertible matrix ϕ ∈ GLn(K) (see [7, Theorem 15.20]). It follows from
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projective dimension of any Borel-fixed monomial ideal J ⊂ R[n] is
proj dim(J ) = proj dim(R[n]/J )− 1 = max
{
m(u): u ∈G(J )}− 1,
where G(J ) is the set of minimal monomial generators of J . Thus the next lemma immediately
follows from Lemma 1.3 together with the above equality.
Lemma 1.4. Let I ⊂ R[n] be a graded ideal. Then
proj dim(I ) = max{m(u): u ∈ G(gin(I ))}− 1.
Let I ⊂ R[∞] be a finitely generated monomial ideal and G(I) the set of minimal monomial
generators of I . Write max(I ) = max{m(u): u ∈G(I)}. We let gin(I ) = gin(I ∩R[max(I )])R[∞]
and let βij (I ) (respectively proj dim(I )) be the graded Betti numbers (respectively the projec-
tive dimension) of I ∩ R[max(I )] over R[max(I )]. Note that the graded Betti numbers of I ∩ R[k]
over R[k] are constant for all k max(I ). Also, Lemma 1.2(iii) guarantees gin(I ∩R[k])R[∞] =
gin(I ∩ R[max(I )])R[∞] for all k  max(I ). We say that a finitely generated monomial ideal
I ⊂ R[∞] is strongly stable if I ∩R[max(I )] is strongly stable.
An important fact on generic initial ideals is that graded Betti numbers of strongly stable ideals
are easily computed by the Eliahou–Kervaire formula. We recall the Eliahou–Kervaire formula.
Lemma 1.5. (See [12, Corollary 3.4].) Let I ⊂ R[n] be a strongly stable ideal. Then
(i) βii+j (I ) =∑u∈G(I), deg(u)=j (m(u)−1i );(ii) proj dim(I ) = max(I )− 1.
Let σ :M[∞] → M[∞] be a map, I ⊂ R[∞] a finitely generated monomial ideal and G(I) =
{u1, u2, . . . , um} the set of minimal monomial generators of I . We write σ(I) ⊂ R[∞] for the
monomial ideal generated by {σ(u1), σ (u2), . . . , σ (um)}.
We say that a map σ :M[∞] →M[∞] is a stable operator if σ satisfies
(i) if I ⊂ R[∞] is a finitely generated strongly stable ideal, then βij (I ) = βij (σ (I )) for all i, j ;
(ii) if J ⊂ I are finitely generated strongly stable ideals of R[∞], then σ(J )⊂ σ(I).
Theorem 1.6. Let σ :M[∞] → M[∞] be a stable operator. If I ⊂ R[∞] is a finitely generated
strongly stable ideal, then gin(σ (I )) = I .
Proof. Let m = max(I ). Since I is strongly stable, Lemma 1.5 says proj dim(I ) = max(I )− 1.
Also, since I and σ(I) have the same graded Betti numbers, Lemma 1.4 says
max(I )− 1 = proj dim(I ) = proj dim(σ(I))= max(gin(σ(I)))− 1.
Then we have max(I ) = max(gin(σ (I ))). Thus what we must prove is gin(σ (I )) ∩ R[m] =
I ∩R[m].
We claim I ∩R[m] and gin(σ (I ))∩R[m] have the same Hilbert function. Let n = max(σ (I )).
We remark m = max(gin(σ (I )))  n. Since I and σ(I) have the same graded Betti numbers,
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max(gin(σ (I ))) = m, it follows that I ∩R[m] and gin(σ (I ))∩R[m] have the same Hilbert func-
tion.
Now, we will show gin(σ (I )) ∩ R[m] = I ∩ R[m] by using induction on m. If m = 1, then
G(I) is of the form G(I) = {xk1 }, where k > 0 is a positive integer. Since max(gin(σ (I ))) =
max(I ) = 1 and since I ∩K[x1] and gin(σ (I ))∩K[x1] have the same Hilbert function, we have
G(gin(σ (I ))) = {xk1 }.
Assume m> 1. Fix an integer d  0. Let I(d) ⊂ R[∞] be the ideal generated by all monomials
u ∈ I ∩R[m] of degree d . Consider the ideal
J = (I(d) : x∞m )= {f ∈ R[∞]: ∃k  0 such that xkmf ∈ I(d)}.
Then J is a finitely generated strongly stable ideal with max(J ) < m.
We claim
Jd ∩R[m] = (I(d))d ∩R[m] = Id ∩R[m]. (2)
Since J ⊃ I(d) and (I(d))d ∩ R[m] = Id ∩ R[m] are obvious, we will show Jd ∩ R[m] ⊂ (I(d))d ∩
R[m].
Let uxlm ∈ Jd ∩ R[m] be a monomial with u ∈ R[m−1]. By the definition of J = (I(d) : x∞m ),
there is an integer k  0 and a monomial vxd−deg(v)m ∈ G(I(d)) with v ∈ R[m−1] such that
vx
d−deg(v)
m divides uxl+km . This fact says uxlm ≺ vxd−deg(v)m . Since I(d) is strongly stable, we
have uxlm ∈ I(d). Thus we have Jd ∩R[m] = (I(d))d ∩R[m] = Id ∩R[m].
Since I ⊃ I(d) are strongly stable ideals, Lemma 1.2 together with the definition of stable
operators says
gin
(
σ(I)
)⊃ gin(σ(I(d))). (3)
Also, since J ⊃ I(d) are strongly stable ideals and since max(J ) < m, the assumption of induc-
tion says
J = gin(σ(J ))⊃ gin(σ(I(d))). (4)
We already proved that if I ′ ⊂ R[∞] is a finitely generated strongly stable ideal with max(I ′)
m, then I ′ ∩R[m] and gin(σ (I ′)) ∩R[m] have the same Hilbert function. This fact together with
(2) says
dimK
(
gin
(
σ(J )
)
d
∩R[m]
)= dimK(gin(σ(I(d)))d ∩R[m])= dimK(gin(σ(I))d ∩R[m]).
The above equality together with (2), (3) and (4) says
Id ∩R[m] = Jd ∩R[m] = gin
(
σ(J )
)
d
∩R[m] 1= gin
(
σ(I(d))
)
d
∩R[m] 2= gin
(
σ(I)
)
d
∩R[m],
where (1) follows from the inclusion (4) together with the fact that gin(σ (J ))d ∩ R[m] and
gin(σ (I(d)))d ∩R[m] are K-vector spaces with the same dimension (and the equality (2) follows
from the inclusion (3) by the same way as (1)). Thus we have Id ∩ R[m] = gin(σ (I ))d ∩ R[m]
for all d  0, and therefore we have I ∩R[m] = gin(σ (I ))∩R[m] as required. 
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ing infinite sequence of integers. Define the map αa :M[∞] → M[∞] by
αa(xi1xi2 · · ·xik ) = xi1xi2+a1xi3+a2 · · ·xik+ak−1 , (5)
for any monomial xi1xi2 · · ·xik ∈ M[∞] with i1  i2  · · · ik . This map αa is a generalization
of the map studied in [2]. We will show that the map αa :M[∞] → M[∞] is a stable operator.
Let I ⊂ R[∞] be a finitely generated monomial ideal, G(I) the set of minimal monomial
generators of I and n = max(I ). The ideal I is said to have linear quotients if for some order
u1, u2, . . . , um of the elements of G(I) and for all j = 1,2, . . . ,m, the colon ideals
(〈u1, u2, . . . , uj−1〉 : uj )= {f ∈ R[∞]: f uj ∈ 〈u1, u2, . . . , uj−1〉}
are generated by a subset of {x1, x2, . . . , xn}, where 〈u1, u2, . . . , uj−1〉 denotes the ideal gener-
ated by {u1, u2, . . . , uj−1}. Define
set(uj ) =
{
k ∈ [n]: xk ∈
(〈u1, u2, . . . , uj−1〉 : uj )} for j = 1,2, . . . ,m.
If a finitely generated monomial ideal I ⊂ R[∞] has linear quotients, then the graded Betti num-
bers of I are given by the formula [14, Corollary 1.6]
βii+j (I ) =
∑
u∈G(I),deg(u)=j
( |set(u)|
i
)
. (6)
Lemma 1.7. Let a = (0, a1, a2, a3, . . .) be a nondecreasing infinite sequence of integers and
αa :M[∞] → M[∞] the map defined in (5). Let I ⊂ R[∞] be a finitely generated strongly stable
ideal. If u ∈ I , then αa(u) ∈ αa(I ).
Proof. Let u = xi1xi2 · · ·xik ∈ I with i1  i2  · · ·  ik . Since u ∈ I , there is w ∈ G(I) such
that w divides u. Since I is strongly stable, we may assume w = xi1xi2 · · ·xil for some l  k.
Then αa(w) = xi1xi2+a1 · · ·xil+al−1 ∈ G(αa(I )) divides αa(u) = xi1xi2+a1 · · ·xil+al−1xil+1+al · · ·
xik+ak−1 . Thus αa(u) ∈ αa(I ). 
Let u = xa11 xa22 · · ·xakk and v = xb11 xb22 · · ·xbkk be monomials with m(u)  k and with
m(v) k. The lexicographic order <lex of R[∞] is the total order on M[∞] defined by u <lex v
if the leftmost nonzero entry of (b1 − a1, b2 − a2, . . . , bk − ak) is positive.
Lemma 1.8. With the same notation as in Lemma 1.7, let G(I) = {u1, u2, . . . , um} be the set
of minimal monomial generators of I with u1 >lex u2 >lex · · · >lex um. Then αa(I ) ⊂ R[∞] has
linear quotients for the order αa(u1), αa(u2), . . . , αa(um) with
set
(
αa(xi1xi2 · · ·xid )
)= d−1⋃
l=0
{k ∈ Z: il + al  k < il+1 + al}
for any xi1xi2 · · ·xid ∈ G(I) with i1  i2  · · · id , where we let i0 = 1 and a0 = 0.
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A
(
αa,uj
)= d−1⋃
l=0
{k ∈ Z: il + al  k < il+1 + al}.
First, we will show {xk: k ∈ A(αa,uj )} ⊂ (〈αa(u1), . . . , αa(uj−1)〉 : αa(uj )). For any k ∈
A(αa,uj ), there is 0 l  d − 1 such that
il + al  k < il+1 + al.
Let k = k′ + al . Then
xk
xil+1+al
αa(uj ) = xi1xi2+a1 · · ·xil+al−1xk′+al xil+2+al+1 · · ·xid+ad−1 .
Since il  k′ < il+1, it follows that v = xi1xi2 · · ·xil xk′xil+2 · · ·xid satisfies v ≺ uj and αa(v) =
xk
xil+1+al
αa(uj ).
On the other hand, since I is strongly stable, for any monomial w = xi′1xi′2 · · ·xi′d ∈ M[∞]
with w ≺ uj and w 
= uj , there is ut ∈ G(I) such that ut divides w. In particular, since
I is strongly stable, we may assume ut = xi′1xi′2 · · ·xi′s for some s  d . Since w ≺ uj , we
have i′l  il for all 1  l  d . Also, since ut ∈ G(I) and ut 
= uj , it follows that ut does
not divide uj . Thus ut satisfies ut >lex uj and αa(ut ) divides αa(w). In particular, we have
αa(w) ∈ 〈αa(u1), . . . , αa(uj−1)〉.
Since v ≺ uj and v 
= uj , the above fact implies
αa(v) ∈ 〈αa(u1), αa(u2), . . . , αa(uj−1)〉.
Since xkαa(uj )= xil+1+al αa(v), we have xk ∈ (〈αa(u1), . . . , αa(uj−1)〉 : αa(uj )).
Second, we will show {xk: k ∈ A(αa,uj )} is a generating set of the colon ideal (〈αa(u1),
. . . , αa(uj−1)〉 : αa(uj )). Let w be a monomial belonging to the ideal (〈αa(u1), . . . , αa(uj−1)〉 :
αa(uj )). Then there is an integer 1 p < j such that αa(up) divides wαa(uj ). What we must
prove is that there is k ∈ A(αa,uj ) such that xk divides w.
Let up = xj1xj2 · · ·xjd′ with j1  j2  · · ·  jd ′ . Since up >lex uj , there is 1  r  d ′ such
that it = jt for 1 t < r , and jr < ir . Since a is a nondecreasing sequence, we have jr + ar−1 <
ir + ar−1  ir+1 + ar  · · ·  id + ad−1. Then, since αa(up) divides wαa(uj ), xjr+ar−1 must
divide w. On the other hand, since ir−1 = jr−1  jr < ir , we have
ir−1 + ar−1  jr + ar−1 < ir + ar−1.
Then jr + ar−1 ∈ A(αa,uj ) and xjr−ar−1 divides w. Hence {xk: k ∈ A(αa,uj )} is a generating
set of (〈αa(u1), . . . , αa(uj−1)〉: αa(uj )). 
Proposition 1.9. With the same notation as in Lemma 1.7, the map αa :M[∞] → M[∞] is a stable
operator.
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αa(I ) has linear quotients with
∣∣set(αa(u))∣∣= d−1∑
l=0
{il+1 − il} = id − i0 = m(u)− 1
for all u = xi1xi2 · · ·xid ∈ G(I) with i1  i2  · · · id . Then Lemma 1.5 together with (6) im-
plies βij (I ) = βij (αa(I )) for all i, j .
Also, if J ⊂ I are finitely generated strongly stable ideals of R[∞], then Lemma 1.7 says
αa(J ) ⊂ αa(I ). 
Example 1.10. Consider the strongly stable ideal
I = 〈x41 , x31x2, x31x3, x21x22 , x21x2x3, x1x32 , x42 〉.
Let a1 = (0,2,4,6,8, . . .) and a2 = (0,1,2,2,2, . . .). Then
αa1(I ) = 〈x1x3x5x7, x1x3x5x8, x1x3x5x9, x1x3x6x8, x1x3x6x9, x1x4x6x8, x2x4x6x8〉
and
αa2(I ) = 〈x1x2x23 , x1x2x3x4, x1x2x3x5, x1x2x24 , x1x2x4x5, x1x3x24 , x2x3x24 〉.
Proposition 1.9 together with Lemma 1.5 says that the minimal graded free resolution of each
ideal is of the form
0 −→R[n](−6)2 −→ R[n](−5)8 −→ R[n](−4)7 −→ I −→ 0.
Example 1.11. Let S = K[xij ]i,j1 be the polynomial ring in variables xij with i  1 and j  1.
Then S is isomorphic to R[∞]. Let p :M[∞] → S be the map defined by
p
(
x
a1
1 x
a2
2 · · ·xann
)= n∏
i=1
(xi1xi2 · · ·xiai )
for any monomial xa11 x
a2
2 · · ·xann ∈ M[∞]. For any monomial ideal I , the ideal p(I) is called the
polarization of I . Also, for any finitely generated monomial ideal I of R[∞], it is known that
βij (p(I )) = βij (I ) for all i, j . Thus the polarization map p : M[∞] → M[∞] is a stable operator.
Example 1.12. We recall the map defined in [9, §3]. Let a = (a1, a2, . . .) be a nondecreasing
infinite sequence of positive integers. Set qi = ai − 1 for each i  1. Let m = xα11 xα22 · · ·xαnn ∈
M[∞] be a monomial of R[∞]. Then there exist integers p0 = 0 <p1 < · · ·<pc such that
α1 = q1 + · · · + qp1−1 + s1 with 0 s1 < qp1,
α1 = qp1+1 + · · · + qp2−1 + s2 with 0 s2 < qp2,
...
α1 = qpc−1+1 + · · · + qpc−1 + sc with 0 sc < qpc .
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σa
(
x
α1
1 x
α2
2 · · ·xαnn
)= c∏
i=1
[(
pi−1∏
j=pi−1+1
x
aj
j
)
xsipi
]
.
Then any monomial xb11 x
b2
2 · · ·xbnn ∈ σa(M[∞]) satisfies bi < ai for all i  1. For example, if
I = 〈x41 , x31x2, x21x22〉 and a = (3,3,3, . . .), then
σa(I ) = 〈x21x22 , x21x2x3, x21x23 〉.
If I is a finitely generated strongly stable ideal of R[∞], then βij (σ a(I )) = βij (I ) for all i, j
[9, Theorem 3.3]. This map σa :M[∞] → M[∞] is also a stable operator.
2. Squeezed balls and squeezed spheres
Let Γ be a simplicial complex on [n] = {1, . . . , n}. Thus Γ is a collection of subsets of [n]
such that
(i) {j} ∈ Γ for all j ∈ [n] and
(ii) if T ∈ Γ and S ⊂ T then S ∈ Γ .
A face of Γ is an element S ∈ Γ . The maximal faces of Γ under inclusion are called facets
of Γ . A simplicial complex Γ is called pure if each facet of Γ has the same cardinality. The
dimension of Γ is the maximal integer |S|−1 with S ∈ Γ . The f -vector of a (d−1)-dimensional
simplicial complex Γ is the vector f (Γ ) = (f0(Γ ), f1(Γ ), . . . , fd−1(Γ )), where each fk−1(Γ )
is the number of faces S of Γ with |S| = k.
Kalai introduced squeezed spheres by extending the construction of Billera–Lee polytopes [5].
In this section, we recall squeezed spheres. Instead of Kalai’s original definition, we use the idea
which appears in [15, §5.2] and [5, pp. 246–247].
Fix integers d > 0 and m  0. Set n = m + d + 1. A set U ⊂ R[m] of monomials in R[m] is
called an order ideal of monomials if U satisfies
(i) {1, x1, x2, . . . , xm} ⊂ U ;
(ii) if u ∈ U and v ∈R[m] divides u, then v ∈U ,
where we let R[0] = K . An order ideal U ⊂ R[m] of monomials is called shifted if u ∈ U and
u≺ v imply v ∈ U .
Let U ⊂ R[m] be a shifted order ideal of monomials of degree at most  d+12 , where  d+12 
means the integer part of d+12 . For each u = xi1xi2 · · ·xik ∈ U with i1  i2  · · ·  ik , define a
(d + 1)-subset Fd(u) ⊂ [n] by
Fd(u) = {i1, i1 + 1} ∪ {i2 + 2, i2 + 3} ∪ · · · ∪
{
ik + 2(k − 1), ik + 2k − 1
}
∪ {n+ 2k − d,n+ 2k − d + 1, . . . , n},
where Fd(1) = {n − d,n − d + 1, . . . , n}. Let Bd(U) be the simplicial complex generated by
Fd(U) = {Fd(u): u ∈ U}. Kalai proved that Bd(U) is a shellable d-ball on [n]. Thus its boundary
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and Sd(U) is called a squeezed (d −1)-sphere. Note that every squeezed sphere is shellable (Lee
[18]).
We remark the reason why we assume {1, x1, . . . , xm} ⊂ U . If U is a shifted order ideal of
monomials with {1, x1, . . . , xm} ⊂ U and xm+1 /∈ U , then Bd(U) and Sd(U) is the simplicial
complex on the vertex set [m + d + 1]. (That is, {i} ∈ Bd(U) ∩ Sd(U) for all i = 1,2, . . . ,m +
d + 1.) This fact says that m and d determine the numbers of vertices of a squeezed sphere
Sd(U). Thus, to fix the vertex set of Sd(U), we require the assumption {1, x1, . . . , xm} ⊂ U . In
particular, we will often assume m= n− d − 1 and Sd(U) is a simplicial complex on [n].
We can easily know the f -vector of each squeezed sphere Sd(U) by using U ⊂ R[m]. In
particular f -vectors of squeezed spheres satisfy the conditions of McMullen’s g-conjecture. To
discuss f -vectors of squeezed spheres, we recall h-vectors and g-vectors.
The h-vector h(Γ ) = (h0(Γ ),h1(Γ ), . . . , hd(Γ )) of a (d − 1)-dimensional simplicial com-
plex Γ is defined by the relation
hi(Γ ) =
i∑
j=0
(−1)i−j
(
d − j
d − i
)
fj−1(Γ ) and fi−1(Γ ) =
i∑
j=0
(
d − j
d − i
)
hi(Γ ),
where we set f−1(Γ ) = 1. Thus, in particular, knowing the f -vector of Γ is equivalent to know-
ing the h-vector of Γ .
If Γ is a (d − 1)-dimensional Gorenstein* complex, then the h-vector of Γ satisfies
hi(Γ ) = hd−i (Γ ) for all 0 i  d . (Dehn–Sommerville equations.) Define the g-vector g(Γ ) =
(g0(Γ ), g1(Γ ), . . . , g d2 (Γ )) of Γ by
gi(Γ ) = hi(Γ )− hi−1(Γ ) for 1 i 
⌊
d
2
⌋
and g0(Γ ) = 1. Then Dehn–Sommerville equations say that if Γ is a Gorenstein* complex, then
knowing the g-vector of Γ is equivalent to knowing the h-vector and the f -vector of Γ .
Lemma 2.1. (See [15, Proposition 5.2].) Let d > 0 be a positive integer, Bd(U) a squeezed
d-ball and Sd(U) a squeezed (d − 1)-sphere. Then
(i) hi(Bd(U)) = |{u ∈ U : deg(u) = i}| for all 0 i  d + 1;
(ii) gi(Sd(U)) = hi(Bd(U)) = |{u ∈U : deg(u) = i}| for all 0 i   d2 .
Also, the next lemma easily follows.
Lemma 2.2. Let m 0, d > 0 and  d+12  k  0 be integers. Let U ⊂ R[m] be a shifted order
ideal of monomials of degree at most k. Then we have fi−1(Bd(U)) = fi−1(Sd(U)) for 1 i 
d − k.
Proof. Lemma 2.1 together with Dehn–Sommerville equations of Sd(U) says
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(
Sd(U)
)− hi−1(Sd(U))=
⎧⎪⎨
⎪⎩
hi(Bd(U)), for 0 i   d2 ,
0, for i = d+12 ,
−hd+1−i (Bd(U)), for  d+12 < i  d,
where we let h−1(Sd(U)) = 0. Lemma 2.1 also says
hi
(
Bd(U)
)= −hd+1−i(Bd(U))= 0 for k + 1 i  d − k.
Thus we have
hi
(
Sd(U)
)− hi−1(Sd(U))= hi(Bd(U)) for 0 i  d − k.
Since
(
d−j
d−i
)= (d−j+1
d−i+1
)− ( d−j
d−i+1
)
, we have
fi−1
(
Sd(U)
)= i∑
j=0
(
d − j
d − i
)
hj
(
Sd(U)
)
=
i∑
j=0
{(
d − j + 1
d − i + 1
)
−
(
d − j
d − i + 1
)}
hj
(
Sd(U)
)
=
i∑
j=0
(
d − j + 1
d − i + 1
){
hj
(
Sd(U)
)− hj−1(Sd(U))}
= fi−1
(
Bd(U)
)
for 1 i  d − k, as desired. 
3. Lefschetz properties
In this section, we recall some facts about generic initial ideals and Lefschetz properties. We
refer the reader to [22] for the fundamental theory of Stanley–Reisner rings, Cohen–Macaulay
complexes and Gorenstein* complexes.
The Stanley–Reisner ideal IΓ ⊂ R[n] of a simplicial complex Γ on [n] is a monomial ideal
generated by all squarefree monomials xi1xi2 · · ·xik ∈ R[n] with {i1, i2, . . . , ik} /∈ Γ . The quotient
ring R(Γ ) = R[n]/IΓ is called the Stanley–Reisner ring of Γ .
Let Γ be a (d − 1)-dimensional Gorenstein* complex on [n]. We say that Γ has the weak
Lefschetz property if there is a system ϑ1, . . . , ϑd of parameters of R[n]/IΓ and a linear form
ω ∈ R[n] such that the multiplication map ω :Hi−1(Γ ) → Hi(Γ ) is injective for 1  i   d2 
and surjective for i >  d2 , where Hi(Γ ) is the ith homogeneous component of (R[n]/IΓ ) ⊗
(R[n]/〈ϑ1, . . . , ϑd〉). Also, we say that Γ has the strong Lefschetz property if there is a system
ϑ1, . . . , ϑd of parameters of R[n]/IΓ and there is a linear form ω ∈R[n] such that the multiplica-
tion map ωd−2i :Hi(Γ ) → Hd−i (Γ ) is an isomorphism for 0 i   d2 . The above linear form
ω is called a weak (respectively strong) Lefschetz element of (R[n]/IΓ ) ⊗ (R[n]/〈ϑ1, . . . , ϑd〉).
The following fact is well known.
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spectively strong) Lefschetz property and ϑ1, ϑ2, . . . , ϑd,ω generic linear forms of R[n]. Then
ϑ1, ϑ2, . . . , ϑd is a system of parameters of R(Γ ) and ω is a weak (respectively strong) Lefschetz
element of (R[n]/IΓ )⊗ (R[n]/〈ϑ1, . . . , ϑd〉).
For a (d − 1)-dimensional simplicial complex Γ on [n], define the set of monomials L(Γ ) =⋃
i0 Li(Γ ) by
Li(Γ ) =
{
u ∈R[n−d]: u /∈ gin(IΓ ) is a monomial of degree i
}
and define U(Γ ) =⋃i0 Ui(Γ ) by
Ui(Γ )=
{
u ∈ R[n−d−1]: u /∈ gin(IΓ ) is a monomial of degree i
}
.
Lemma 3.2. Let Γ be a (d − 1)-dimensional Cohen–Macaulay complex on [n]. Then
(i) max(gin(IΓ )) = n− d ;
(ii) |Li(Γ )| = hi(Γ ) for i  0, where we let hi(Γ ) = 0 for i > d .
Proof. (i) Since Γ is a Cohen–Macaulay complex, the Auslander–Buchsbaum formula says
proj dim(R[n]/IΓ ) = n− d . Then Lemma 1.4 says max(gin(IΓ )) = n− d .
(ii) Let ϑ1, ϑ2, . . . , ϑd be a system of parameters of R[n]/IΓ which are linear forms. Since
max(gin(IΓ ))  n − d , the sequence xn−d+1, xn−d+2, . . . , xn is a system of parameters of
R[n]/gin(IΓ ). Since R[n]/IΓ and R[n]/gin(IΓ ) have the same Hilbert function, (R[n]/IΓ ) ⊗
(R[n]/〈ϑ1, . . . , ϑd〉) and (R[n]/gin(IΓ ))⊗ (R[n]/〈xn−d+1, . . . , xn〉) have the same Hilbert func-
tion. On the other hand, it is well known [22, pp. 57–58] that hi(Γ ) is equal to the ith Hilbert
function of (R[n]/IΓ ) ⊗ (R[n]/〈ϑ1, . . . , ϑd〉). Since Li(Γ ) is a K-basis of the ith homoge-
neous component of (R[n]/gin(IΓ )) ⊗ (R[n]/〈xn−d+1, . . . , xn〉), we have |Li(Γ )| = hi(Γ ) for
all i  0. 
Lemma 3.2(i) says that if Γ is Cohen–Macaulay, then gin(IΓ )∩R[n−d] (or L(Γ )) determines
gin(IΓ ). The next lemma immediately follows from [23, Lemma 2.7 and Proposition 2.8].
Lemma 3.3. Let Γ be a (d −1)-dimensional Gorenstein* complex on [n]. For any integer k  1,
we write xkn−dLi(Γ ) = {xkn−du: u ∈ Li(Γ )}. Then
(i) Γ has the weak Lefschetz property if and only if xn−dLi−1(Γ ) ⊂ Li(Γ ) for 1 i   d2  and
xn−dLi−1(Γ )⊃ Li(Γ ) for i >  d2 .
(ii) Γ has the strong Lefschetz property if and only if xd−2in−d Li(Γ ) = Ld−i (Γ ) for 0 i   d2 .
Lemma 3.4. Let Γ be a (d − 1)-dimensional Gorenstein* complex on [n]. Then
(i) Γ has the weak Lefschetz property if and only if
∣∣Ui(Γ )∣∣=
{
gi(Γ ), for 0 i   d2 ,
0, for i >  d2 .
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with deg(u) = k. Then u ∈ L(Γ ) if and only if u′ ∈U(Γ ) and t  2k − d .
Proof. (i) Since L(Γ ) is an order ideal of monomials, if a monomial xn−du ∈ L(Γ ) then
u ∈ L(Γ ). This fact says Li(Γ ) ⊂ Ui(Γ ) ∪ xn−dLi−1(Γ ). Since Ui(Γ ) ∩ xn−dLi−1(Γ ) = ∅,
Lemma 3.2 says ∣∣Ui(Γ )∣∣ ∣∣Li(Γ )∣∣− ∣∣Li−1(Γ )∣∣= hi(Γ )− hi−1(Γ ).
Then it follows that |Ui(Γ )| = hi(Γ )− hi−1(Γ ) if and only if Li(Γ ) ⊃ xn−dLi−1(Γ ).
Also, it is easy to see that |Ui(Γ )| = 0 if and only if Li(Γ ) ⊂ xn−dLi−1(Γ ). Thus the asser-
tion follows from Lemma 3.3.
(ii) Assume k   d2 . Since Γ has the weak Lefschetz property, Lemma 3.3 together with the
proof of (i) says
Lk(Γ ) = Uk(Γ )∪ xn−dLk−1(Γ ).
Thus, u ∈ Lk(Γ ) if and only if u ∈ Uk(Γ ) or u/xn−d ∈ Lk−1(Γ ). Inductively, we have u ∈
Lk(Γ ) if and only if u′ ∈U(Γ ).
Assume k >  d2 . Since Γ has the strong Lefschetz property, we have
Lk(Γ ) = x2k−dn−d Ld−k(Γ ).
Thus u ∈ Lk(Γ ) if and only if t  2k − d and u/x2k−dn−d ∈ Ld−k(Γ ). Since d − k   d2 , we have
u/x2k−dn−d ∈ Ld−k(Γ ) if and only if u′ ∈ U(Γ ). 
Lemma 3.4 says that if Γ is a Gorenstein* complex with the strong Lefschetz property then
U(Γ ) determines gin(IΓ ).
4. Generic initial ideals of squeezed balls and squeezed spheres
If Γ is a (d − 1)-dimensional Gorenstein* complex on [n] with the weak Lefschetz property
and if K is a field of characteristic 0, then Lemma 3.4 says
U(Γ )= {u ∈R[n−d−1]: u /∈ gin(IΓ ) is a monomial}⊂ R[n−d−1]
is a shifted order ideal of monomials of degree at most  d2  with
gi(Γ ) =
∣∣{u ∈U(Γ ): deg(u) = i}∣∣
for 0  i   d2 . (Since g1(Γ ) = n − d − 1 and g0(Γ ) = 1, the set U(Γ ) certainly contains{1, x1, . . . , xn−d−1}.) Furthermore, if Γ has the strong Lefschetz property, then Lemma 3.4 also
says that U(Γ ) determines gin(IΓ ).
Conversely, for any shifted order ideal U ⊂ R[n−d−1] of monomials of degree at most  d2 ,
there is the squeezed (d − 1)-sphere Sd(U) on [n] with gi(Sd(U)) = |{u ∈ U : deg(u) = i}| for
0 i   d2 . Kalai conjectured that
U
(
Sd(U)
)= U.
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be a shifted order ideal of monomials of degree at most  d+12 . Write I (U) ⊂ R[n] for the ideal
generated by all monomials u ∈ R[n−d−1] with u /∈ U . Since U is shifted, I (U) is a strongly
stable ideal.
Let α2 :M[∞] →M[∞] be the map defined by
α2(xi1xi2xi3 · · ·xik ) = xi1xi2+2xi3+4 · · ·xik+2(k−1),
for any xi1xi2 · · ·xik ∈ M[∞] with i1  i2  · · ·  ik . Then, by Proposition 1.9, the map
α2 :M[∞] → M[∞] is a stable operator. Since max{deg(u): u ∈ G(I (U))}  d+12 + 1, we have
m(α2(u)) n− d − 1 + 2( d+12 ) n for all u ∈G(I (U)). We write α2(I (U)) for the ideal of
R[n] generated by {α2(u): u ∈ G(I (U))}.
Proposition 4.1. Let n > d > 0 be positive integers. Let Bd(U) be a squeezed d-ball on [n] and
I (U)⊂ R[n] the ideal generated by all monomials u ∈ R[n−d−1] with u /∈ U . Then one has
IBd(U) = α2
(
I (U)
)
.
In particular, one has gin(IBd(U)) = I (U).
Proof. First, we will show IBd(U) ⊃ α2(I (U)). Let u = xi1xi2 · · ·xik ∈ G(I (U)) with i1  i2 · · · ik and let
f (u) = {i1, i2 + 2, i3 + 4, . . . , ik + 2(k − 1)}. (7)
Note that
max
(
f (u)
)
 n− d − 1 + 2(k − 1) = n+ 2k − d − 3. (8)
We will show f (u) /∈ Bd(U). Since Bd(U) is the simplicial complex generated by {Fd(v):
v ∈ U}, if f (u) ∈ Bd(U) then there is w ∈ U such that f (u) ⊂ Fd(w). Thus what we must
prove is f (u) 
⊂ Fd(w) for all w ∈ U .
Let w = xj1xj2 · · ·xjl ∈U with j1  j2  · · · jl . Set
F(w) = {j1, j1 + 1} ∪ {j2 + 2, j2 + 3} ∪ {j3 + 4, j3 + 5} ∪ · · · ∪
{
jl + 2(l − 1), jl + 2l − 1
}
and
F(w) = {n+ 2l − d,n+ 2l − d + 1, . . . , n}.
Then Fd(w) = F(w)∪ F(w).
[Case 1] Assume l < k. Then the form (7) says |F(w) ∩ f (u)|  l. On the other hand, (8)
says
∣∣F(w)∩ f (u)∣∣= ∣∣{n+ 2l − d,n+ 2l − d + 1, . . . , n+ 2k − d − 3} ∩ f (u)∣∣.
Since |{n + 2l − d,n + 2l − d + 1, . . . , n + 2k − d − 3}| = 2(k − l − 1), the form (7) says
|F(w)∩ f (u)| k − l − 1. Thus we have |Fd(w)∩ f (u)| k − 1 and f (u) 
⊂ Fd(w).
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jp + 2(p − 1) ip + 2(p − 1)
for all 1  p  k. Thus we have xj1xj2 · · ·xjk  u. Since U is shifted and since u /∈ U , we
have xj1xj2 · · ·xjk /∈ U . However, since U is an order ideal of monomials and since w ∈ U ,
xj1xj2 · · ·xjk must be contained in U . This is a contradiction. Thus we have f (u) 
⊂ Fd(w).
Second, we will show that IBd(U) and α2(I (U)) have the same Hilbert function.
Lemma 3.2 says that the ith Hilbert function of R[n−d−1]/(gin(IBd(U)) ∩ R[n−d−1]) is equal
to hi(Bd(U)) for all i  0, where we let hi(Bd(U)) = 0 for i > d + 1. On the other hand, the
ith Hilbert function of R[n−d−1]/(I (U)) ∩ R[n−d−1]) is equal to |{u ∈ U : deg(u) = i}|. Then
Lemma 2.1 says I (U) ∩ R[n−d−1] and gin(IBd(U)) ∩ R[n−d−1] have the same Hilbert function.
Since max(I (U)) n− d − 1 by the definition of I (U) and max(gin(IBd(U))) n − d − 1 by
Lemma 3.2, it follows that I (U) and gin(IBd(U)) have the same Hilbert function. Since Theo-
rem 1.6 says that gin(α2(I (U))) = I (U), it follows from Lemma 1.2 that IBd(U) and α2(I (U))
have the same Hilbert function.
Then we proved that IBd(U) ⊃ α2(I (U)) and IBd(U) and α2(I (U)) have the same Hilbert
function. Thus we have IBd(U) = α2(I (U)). In particular, Theorem 1.6 guarantees gin(IBd(U)) =
I (U). 
Theorem 4.2. Let n > d > 0 be positive integers. Let U ⊂ R[n−d−1] be a shifted order ideal of
monomials of degree at most  d2 . Then one has
U
(
Sd(U)
)= U.
Proof. Since Sd(U) ⊂ Bd(U) and since d −  d2  =  d+12 , Lemma 2.2 says{
S ∈ Sd(U): |S|
⌊
d + 1
2
⌋}
=
{
S ∈ Bd(U): |S|
⌊
d + 1
2
⌋}
.
Thus we have (ISd (U)) d+12  = (IBd(U)) d+12 , where Ik denotes the ideal generated by all
polynomials f in a graded ideal I ⊂ R[n] with deg(f ) k. Then, Proposition 4.1 says
gin
(
ISd(U)
)
 d+12  = gin
(
IBd(U)
)
 d+12  = I (U) d+12 .
The construction of I (U) says that I (U) contains all monomials u ∈ R[n−d−1] with deg(u) 
 d2  + 1. Since gin(ISd (U)) ⊃ gin(IBd(U)) = I (U), we have
U
(
Sd(U)
)= {u ∈R[n−d−1]: u /∈ gin(ISd (U)) is a monomial}
=
{
u ∈R[n−d−1]: u /∈ gin(ISd (U)) is a monomial of degree 
⌊
d
2
⌋}
=
{
u ∈R[n−d−1]: u /∈ I (U) is a monomial of degree 
⌊
d
2
⌋}
= U,
as desired. 
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case. This is because for general squeezed spheres, we assume that U ⊂ R[n−d−1] is a shifted
order ideal of monomials of degree at most  d+12 . We call Sd(U) a special squeezed (d − 1)-
sphere (S-squeezed (d − 1)-sphere) if U ⊂ R[n−d−1] is a shifted order ideal of monomials of
degree at most  d2 . If d is even, then every squeezed (d − 1)-sphere is an S-squeezed (d − 1)-
sphere. Also, it is easy to see that Sd(U) is an S-squeezed (d − 1)-sphere if and only if Bd(U)
is the cone over Bd−1(U), that is, Bd(U) is generated by {{n} ∪ Fd−1(u): u ∈ U}. Theorem 4.2
and Lemma 3.4(i) imply the following corollaries.
Corollary 4.3. Every S-squeezed sphere has the weak Lefschetz property.
Corollary 4.4. Let K be a field of characteristic 0 and n > d > 0 positive integers. A shifted
order ideal U ⊂ R[n−d−1] of monomials is equal to U = U(Γ ) for some (d − 1)-dimensional
Gorenstein* complex (or for some simplicial (d − 1)-sphere) Γ on [n] with the weak Lefschetz
property if and only if U is a shifted order ideal of monomials of degree at most  d2 .
Although we only proved that S-squeezed spheres have the weak Lefschetz property, it seems
likely that Corollary 4.4 is true when we consider the strong Lefschetz property instead of the
weak Lefschetz property. The remaining problem is
Problem 4.5. Prove that every squeezed sphere (or every S-squeezed sphere) has the strong
Lefschetz property.
If a Gorenstein* complex Γ has the strong Lefschetz property, then U(Γ ) determines gin(IΓ ).
Thus the above problem would yield a complete characterization of generic initial ideals of
Stanley–Reisner ideals of Gorenstein* complexes with the strong Lefschetz property, when the
base field is of characteristic 0.
5. The squeezing operation and graded Betti numbers
Let K be a field of characteristic 0. Let Γ be a (d − 1)-dimensional Gorenstein* complex on
[n] with the weak Lefschetz property. Then U(Γ ) = {u ∈ R[n−d−1]: u /∈ gin(IΓ ) is a monomial}
is a shifted order ideal of monomials of degree at most  d2 . Define
Sq(Γ ) = Sd
(
U(Γ )
)
.
Then Lemmas 2.1 and 3.4 say that Γ and Sq(Γ ) have the same f -vector. This operation Γ →
Sq(Γ ) is called squeezing.
The squeezing operation was considered by Kalai. Since it is conjectured that every simplicial
sphere has the weak Lefschetz property, it is expected that squeezing becomes an operation for
simplicial spheres and acts like a shifting operation (see [17] for shifting operations). In the
present paper, we study the behavior of graded Betti numbers under squeezing.
In this section, we write βRij (M) for the graded Betti numbers of a graded R-module M
over a graded ring R. Let Γ be a (d − 1)-dimensional Gorenstein* complex with the weak
Lefschetz property, ϑ1, ϑ2, . . . , ϑd generic linear forms and R¯ = R[n]/〈ϑ1, ϑ2, . . . , ϑd〉. Let
A = (R[n]/IΓ ) ⊗ R¯. Then A is a 0-dimensional Gorenstein ring with βR[n]ij (R[n]/IΓ ) = βR¯ij (A)
for all i, j . The following fact is known.
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form. Set R˜ = R[n]/〈ϑ1, ϑ2, . . . , ϑd,ω〉. Then
β
R[n]
ii+j (R[n]/IΓ ) β
R˜
ii+j (A/ωA)+ βR˜n−d−i,n−i−j (A/ωA), for all i and j.
Let U ⊂ R[n−d−1] be a shifted order ideal of monomials of degree at most  d2  and I (U) ⊂
R[n] the ideal generated by all monomials u ∈ R[n−d−1] with u /∈ U . Since I (U) is strongly
stable, we can easily compute the graded Betti numbers of R[n]/I (U) by the Eliahou–Kervaire
formula [8].
An order ideal U ⊂ R[n−d−1] of monomials is called a lexicographic order ideal of monomials
if u ∈U and v <lex u imply v ∈ U for all monomials u and v in R[n−d−1] with deg(u) = deg(v).
If U is a lexicographic order ideal of monomials of degree at most  d2 , then Sd(U) is the bound-
ary complex of a simplicial d-polytope, called the Billera–Lee polytope [5]. Migliore and Nagel
proved that the graded Betti numbers of the Stanley–Reisner ideal of the boundary complex
Sd(U) of any Billera–Lee polytope are easily computed by using I (U).
Lemma 5.2. (See [19, Theorem 9.6].) Let Sd(U) be the boundary complex of a Billera–Lee d-
polytope on [n], R = R[n] and I (U) ⊂ R the ideal generated by all monomials u ∈ R[n−d−1]
with u /∈U . Then
βRii+j (R/ISd (U)) =
⎧⎪⎪⎨
⎪⎪⎩
βRii+j (R/I (U)), for j < d2 ,
βRii+j (R/I (U))+ βRn−d−i,n−i−j (R/I (U)), for j = d2 ,
βRn−d−i,n−i−j (R/I (U)), for j > d2 .
We will show the same property for S-squeezed spheres.
Theorem 5.3. Let Sd(U) be an S-squeezed (d − 1)-sphere on [n], R = R[n] and I (U) ⊂ R the
ideal generated by all monomials u ∈ R[n−d−1] with u /∈U . Then
βRii+j (R/ISd (U)) =
⎧⎪⎪⎨
⎪⎪⎩
βRii+j (R/I (U)), for j < d2 ,
βRii+j (R/I (U))+ βRn−d−i,n−i−j (R/I (U)), for j = d2 ,
βRn−d−i,n−i−j (R/I (U)), for j > d2 .
Proof. It follows from [13, Lemma 1.2] that, for any graded ideal I ⊂ R and for any integer
k  0, one has
βRii+j (I ) = βRii+j (Ik) for j  k.
On the other hand, Lemma 2.2 and Proposition 4.1 say
(ISd (U)) d+12  = (IBd(U)) d+12  = α
2(I (U)) d+12 . (9)
Recall that, for any graded ideal J ⊂ R, one has βi+1k(R/J ) = βik(J ) for all i  0. Then, since
α2 :M[∞] → M[∞] is a stable operator, the equality (9) says
βRii+j (R/ISd(U)) = βRii+j
(
R/α2
(
I (U)
))= βRii+j (R/I (U))
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βRii+j (R/ISd (U)) =
{
βRii+j (R/I (U)), for j <
d
2 ,
βRn−d−i,n−i−j (R/I (U)), for j >
d
2 .
(10)
Thus the only remaining part is j = d2 when d is even. Note that this part must be determined by
the Hilbert function of R/ISd(U).
We use the following well-known fact: For any graded ideal I ⊂ R, let ak(R/I) =∑k
i=0(−1)iβRik(R/I) for k  0. Then the Hilbert function H(R/I, t) of R/I is given by
H(R/I, t)=
∑
j0
aj (R/I)
(
n− 1 + t − j
t − j
)
.
Also, this ak(R/I) is uniquely determined by the Hilbert function of R/I . (See [6, Lem-
ma 4.1.13].)
On the other hand, for any shifted order ideal U ⊂ R[n−d−1] of monomials, there is the unique
lexsegment order ideal U lex ⊂ R[n−d−1] of monomials such that |{u ∈ U : deg(u) = k}| = |{u ∈
U lex: deg(u) = k}| for all k  0 (see [5, §2]). Then Lemma 2.1 says that ISd(U) and ISd(U lex) have
the same Hilbert function.
Also, since I (U)∩R[n−d−1] and I (U lex)∩R[n−d−1] have the same Hilbert function and since
max(I (U)) n− d − 1 and max(I (U lex)) n − d − 1, it follows that I (U) and I (U lex) have
the same Hilbert function. Thus we have ak(R/ISd(U)) = ak(R/ISd(U lex)) and ak(R/I (U)) =
ak(R/I (U
lex)) for all k  0.
Since I (U) and I (U lex) are strongly stable and since they have no generator of degree >
d
2 + 1, the Eliahou–Kervaire formula says that βRii+j (R/I (U)) = 0 and βRii+j (R/I (U lex)) = 0
for j  d2 + 1. Then Lemma 5.2 says
ak
(
R/I
(
U lex
))+ (−1)n−dan−k(R/I(U lex))= ak(R/ISd(U lex))
for all k  0. Thus we have
ak
(
R/I (U)
)+ (−1)n−dan−k(R/I (U))= ak(R/ISd(U)) (11)
for all k  0. Then, by using (10) and (11), a routine computation says
βR
ii+ d2
(
R/I (U)
)+ βR
n−d−i,n−i− d2
(
R/I (U)
)= βR
ii+ d2
(R/ISd(U))
for all i  0, as desired. 
Next, we will show that squeezing increases graded Betti numbers. Before the proof, we recall
the important relation between generic initial ideals and generic hyperplane sections.
Let h1 = ∑nj=1 ajxj be a linear form of R[n] with an 
= 0. Define a homomorphism
Φh1 :R[n] → R[n−1] by Φh1(xj ) = xj for 1 j  n− 1 and
Φh1(xn)= −
1
an
(
n−1∑
ajxj
)
.j=1
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nomial and I ⊂ R[n] an ideal. We write fh1 = Φh1(f ) ∈ R[n−1] and Ih1 for the ideal Φh1(I ) ={Φh1(f ): f ∈ I } of R[n−1]. Let h2 be another linear form of R[n]. Assume that the coefficient
of xn−1 in (h2)h1 is not zero. Then define f〈h1,h2〉 = Φ(h2)h1 (fh1) and I〈h1,h2〉 = Φ(h2)h1 (Ih1).
Inductively, we define I〈h1,h2,...,hm〉 by the same way for linearly independent linear forms
h1, h2, . . . , hm of R[n], where we assume that the coefficient of xn+1−k in (hk)〈h1,...,hk−1〉 is not
zero for each 1 k m.
Lemma 5.4. (See [10, Corollary 2.15].) Let I ⊂ R[n] be a graded ideal and h1, . . . , hm generic
linear forms of R[n] with 1m n. Then
gin
(
I〈h1,...,hm〉
)= gin(I )〈xn−m+1,...,xn〉 = gin(I )∩R[n−m].
Theorem 5.5. Let K be a field of characteristic 0 and Γ a (d − 1)-dimensional Gorenstein*
complex on [n] with the weak Lefschetz property. Then, one has
β
R[n]
ij (IΓ ) β
R[n]
ij (ISq(Γ )) for all i, j.
Proof. Let ϑ1, ϑ2, . . . , ϑd,ω be generic linear forms of R[n]. Then Lemma 3.1 says that
ϑ1, ϑ2, . . . , ϑd is a system of parameters of R[n]/IΓ and ω is a weak Lefschetz element of
(R[n]/IΓ )⊗ (R[n]/〈ϑ1, . . . , ϑd〉).
Let R˜ = (R[n]/〈ϑ1, ϑ2, . . . , ϑd,ω〉) and A = (R[n]/IΓ ) ⊗ (R[n]/〈ϑ1, ϑ2, . . . , ϑd〉). Then, by
the definition of (IΓ )〈ϑ1,...,ϑd ,w〉, we have
βR˜ij (A/ωA) = βR˜ij
(
R˜/(IΓ ⊗ R˜)
)= βR[n−d−1]ij (R[n−d−1]/((IΓ )〈ϑ1,...,ϑd ,w〉)) (12)
for all i, j . Recall that I (U(Γ )) is the ideal of R[n] generated by all monomials u ∈ R[n−d−1]
with u ∈ gin(IΓ ). Thus
gin(IΓ )∩R[n−d−1] = I
(
U(Γ )
)∩R[n−d−1].
Also, it is known that βR[n]ij (R[n]/I) β
R[n]
ij (R[n]/gin(I )) for any graded ideal I ⊂ R[n] (see e.g.,
[12, Theorem 3.1]). Thus, by Lemma 5.4, we have
β
R[n−d−1]
ij
(
R[n−d−1]/
(
(IΓ )〈ϑ1,...,ϑd ,w〉
))
 βR[n−d−1]ij
(
R[n−d−1]/gin
(
(IΓ )〈ϑ1,...,ϑd ,w〉
))
= βR[n−d−1]ij
(
R[n−d−1]/
(
gin(IΓ )∩R[n−d−1]
))
= βR[n−d−1]ij
(
R[n−d−1]/
(
I
(
U(Γ )
)∩R[n−d−1]))
for all i, j . By the definition of I (U), we have max(I (U)) n− d − 1. Thus we have
β
R[n−d−1]
ij
(
R[n−d−1]/
(
I
(
U(Γ )
)∩R[n−d−1]))= βR[n]ij (R[n]/I(U(Γ )))
for all i, j . Then the equality (12) together with the above computations says
βR˜ij (A/ωA) β
R[n−d−1](
R[n−d−1]/
(
I
(
U(Γ )
)∩R[n−d−1]))= βR[n](R[n]/I(U(Γ )))ij ij
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β
R[n]
ii+j (R[n]/IΓ ) β
R[n]
ii+j
(
R[n]/I
(
U(Γ )
))+ βR[n]n−d−i,n−i−j (R[n]/I(U(Γ )))
for all i, j . Since I (U(Γ )) has no generators of degree j >  d2 +1, it follows from the Eliahou–
Kervaire formula that βR[n]ii+j (R[n]/I (U(Γ ))) = 0 for j > d2 . Thus we have
β
R[n]
ii+j (R[n]/IΓ )
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
β
R[n]
ii+j (R[n]/I (U(Γ ))), for j <
d
2 ,
β
R[n]
ii+j (R[n]/I (U(Γ )))+ βR[n]n−d−i,n−i−j (R[n]/I (U(Γ ))), for j = d2 ,
β
R[n]
n−d−i,n−i−j (R[n]/I (U(Γ ))), for j >
d
2 .
Since Sq(Γ ) = Sd(U(Γ )), Theorem 5.3 says that βR[n]ij (R[n]/IΓ )  βR[n]ij (R[n]/ISq(Γ )) for all i
and j . 
Example 5.6. Let U = {1, x1, x2, x3, x1x3, x2x3, x23}. Then the squeezed 5-ball B5(U) is the
simplicial complex on {1,2, . . . ,9} generated by
F5(U) =
{ {4,5,6,7,8,9}, {1,2,6,7,8,9}, {2,3,6,7,8,9}, {3,4,6,7,8,9},
{1,2,5,6,8,9}, {2,3,5,6,8,9}, {3,4,5,6,8,9}
}
and I (U) = 〈x21 , x1x2, x22 , x1x23 , x2x23 , x33〉. Let R = K[x1, x2, . . . , x9]. Then Proposition 4.1
guarantees that
IB5(U) = 〈x1x3, x1x4, x2x4, x1x5x7, x2x5x7, x3x5x7〉
and the minimal graded free resolution of IB5(U) is of the form
0 −→R(−5)3 −→ R(−4)6 ⊕R(−3)2 −→R(−3)3 ⊕R(−2)3 −→ IB5(U) −→ 0.
Also, Theorem 5.3 says that the minimal graded free resolution of R/IS5(U) is of the form
0 −→ R(−9) −→ R(−7)3 ⊕R(−6)3 ⊕R(−5)3
−→ R(−6)2 ⊕R(−5)6 ⊕R(−4)6 ⊕R(−3)2
−→ R(−4)3 ⊕R(−3)3 ⊕R(−2)3 −→R −→ R/IS5(U) → 0.
Note that IS5(U) = IB5(U) + 〈x2x6x8x9, x3x6x8x9, x4x6x8x9〉.
Example 5.7. We will give an easy example of a simplicial sphere whose graded Betti numbers
strictly increase by squeezing.
Let Γ be the boundary complex of the octahedron. Then n = 6, d = 3, IΓ = (x1x2, x3x4, x5x6)
and the minimal graded free resolution of R/IΓ is of the form
0 −→R(−6) −→R(−4)3 −→ R(−2)3 −→ R −→R/IΓ −→ 0.
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(x21 , x1x2, x
2
2). Since Sq(Γ ) = Sd(U(Γ )), the minimal graded free resolution of R/ISq(Γ ) is of
the form
0 −→R(−6) −→ R(−4)3 ⊕R(−3)2
−→ R(−3)2 ⊕R(−2)3 −→R −→ R/ISq(Γ ) −→ 0.
6. Characterization of generic initial ideals associate with simplicial d-polytopes for d  5
We refer the reader to [11] for the foundations of convex polytopes. A (d − 1)-dimensional
simplicial complex Γ is called polytopal if Γ is isomorphic to the boundary complex of a sim-
plicial d-polytope. Although most of the squeezed (d − 1)-spheres are not polytopal for d  5,
Pfeifle proved that squeezed 3-spheres are polytopal. His proof implies the following fact.
Lemma 6.1. S-squeezed 4-spheres are polytopal.
Proof. We recall Pfeifle’s proof (see [21, pp. 400–401]). Let C5(n − 1) be the collection of
facets of the boundary complex of the cyclic 5-polytope with n− 1 vertices. Let U ⊂ R[n−6] be
a shifted order ideal of monomials of degree at most 2. Recall that F4(U) = {F4(u) ⊂ [n − 1]:
u ∈ U} can be regarded as a subcollection of C5(n− 1). We identify each F ∈ C5(n− 1) and the
corresponding facet of the cyclic 5-polytope with n− 1 vertices.
Pfeifle proved that there is a set C = {v1, v2, . . . , vn−1} of vertices on R5 and there is a vertex
vn on R
5 such that conv(C) is the cyclic 5-polytope with (n− 1) vertices and
(i) vn is beyond F for F ∈ F4(U);
(ii) vn is beneath F for F ∈ C5(n− 1) \ F4(U).
See [11, §5.2] for the definitions of beneath and beyond.
Let H be the hyperplane separating vn from C with equation 〈a, x〉 = a0, where a ∈ R5,
a0 ∈ R and 〈u,v〉 is the scalar product of u,v ∈ R5. Assume that vn is sufficiently close to H .
Consider the projective transformation ϕ defined by ϕ(x) = x
(〈a,x〉−a0) . Then conv(ϕ(C)) is iso-
morphic to conv(C) since all vertices in C lies on the same side of H . However, by the projective
transformation ϕ, when we regard C5(n− 1) as the collection of facets of conv(ϕ(C)), the vertex
ϕ(vn) becomes beneath F for F ∈ F4(U) and beyond F for F ∈ C5(n− 1) \ F4(U).
We will explain why this occurs. Let H(t) be the hyperplane with equation 〈a, x〉 = a0 + t . Set
M = 1〈a,vn〉−a0 and assume M > 0. Since vn is sufficiently close to H , there exists δ ∈ R such that
|δ|  min
vk∈C
{∣∣〈a, vk〉 − a0∣∣}, 1|〈a, vn〉 − a0 − δ| M and 〈a, vn〉 − a0 − δ < 0.
Then C and vn lie on the same side of H(δ). Let ϕ′ be the projective transformation defined by
ϕ′(x) = x〈a, x〉 − a0 − δ .
Then conv(ϕ′(C) ∪ {ϕ′(vn)}) is isomorphic to conv(C ∪ {vn}) and conv(ϕ′(C)) is isomor-
phic to conv(ϕ(C)). On the other hand, since |δ| is sufficiently small, the difference between
conv(ϕ′(C)) and conv(ϕ(C)) is also sufficiently small. Let M ′ = 1 . Then we have〈a,vn〉−a0−δ
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large, if ϕ′(vn) is beneath (beyond) for a facet F of conv(ϕ′(C)), then ϕ(vn) is beyond (beneath)
F when we regard F as a facet of conv(ϕ(C)), as required.
Let P = conv(ϕ(C) ∪ {ϕ(vn)}). We will show S5(U) is the boundary complex of the sim-
plicial 5-polytope P . Since B5(U) is generated by {{n} ∪ F4(u): u ∈ U}, it follows from [18,
Proposition 1] that S5(U) is the simplicial complex generated by
F4(U)∪
{
F ∪ {n}: F is a facet of S4(U)
}
.
Recall that B4(U) is the 5-ball generated by F4(U) and S4(U) is its boundary. It follows from
[11, §5.2 Theorem 1] that F is a facet of the boundary complex of P with {n} /∈ F if and only if
F is a facet of the boundary complex of conv(ϕ(C)) and ϕ(vn) is beneath F . Also, since S4(U)
is the boundary of the 5-ball generated by F4(U), it follows that F is a facet of the boundary
complex of P with {n} ∈ F if and only if F \ {n} is a facet of S4(U). Thus S5(U) is the boundary
complex of the simplicial 5-polytope P . 
If Γ is the boundary complex of a simplicial d-polytope on [n], then Γ is a (d − 1)-
dimensional Gorenstein* complex with the strong Lefschetz property (see [22, pp. 75–78]). Thus,
as we saw at the end of Section 4, Lemma 6.1 yields a complete characterization of generic ini-
tial ideals of Stanley–Reisner ideals of the boundary complexes of simplicial d-polytopes (or
(d − 1)-dimensional Gorenstein* complex with the strong Lefschetz property) for d  5 when
the base field is of characteristic 0.
Theorem 6.2. Let K be a field of characteristic 0 and d  5. Let I ⊂ R[n] be a strongly stable
ideal and A = R[n−d]/(I ∩ R[n−d]). Then there is the boundary complex Γ of a simplicial d-
polytope on [n] such that I = gin(IΓ ) if and only if max(I ) = n− d , Ad+1 = {0}, dimK A1 =
n− d and the multiplication map xd−2in−d :Ai → Ad−i is an isomorphism for 0 i   d2 .
Proof. Let A = R[n−d]/(gin(IΓ ) ∩ R[n−d]). Then dimK A1 = n − d is obvious. Since Γ is a
(d − 1)-dimensional Gorenstein* complex with the strong Lefschetz property, Lemmas 3.2
and 3.3 say that max(IΓ ) = n− d , Ad+1 = {0}, dimK A1 = n − d and the multiplication map
xd−2in−d :Ai →Ad−i is an isomorphism for 0 i   d2 .
Conversely, given a strongly stable ideal I ⊂ R[n] which satisfies the conditions of Theo-
rem 6.2, then, U = {u ∈ R[n−d−1]: u /∈ I is a monomial} is a shifted order ideal of monomials of
degree at most  d2  and U determines I in the same way as Lemma 3.4. Then what we must do is
finding the boundary complex Γ of a simplicial d-polytope with U(Γ ) = U . Now, Theorem 4.2
says U(Sd(U)) = U . Since d  5, this Sd(U) is polytopal by Lemma 6.1. 
Theorem 6.2 is not true for d  6. Let sq(d,n) be the number of squeezed (d − 1)-spheres
on [n], ssq(d,n) the number of S-squeezed (d − 1)-spheres on [n] and c(d,n) the number of
combinatorial type of the boundary complex of simplicial d-polytopes with n vertices. Then it is
known that
log
(
c(d,n)
)
 d(d + 1)n log(n)
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log
(
sq(d,n)
)
 1
(n− d)(d + 1)
(
n+  d+22 
 d+12 
)
.
(See [15] or [21, p. 397].) Thus we have c(d,n) sq(d,n) for d  5 and for n  0. On the other
hand, it is easy to see that sq(d − 1, n − 1) = ssq(d,n) and ssq(d,n) is equal to the number of
shifted order ideals U ⊂ R[n−d−1] of monomials of degree at most  d2 . Then, the above upper
bound for c(d,n) and the lower bound for sq(d,n) imply c(d,n)  ssq(d,n) for d  6 and for
n  0. Thus the number of strongly stable ideals which satisfies the condition of Theorem 6.2
is strictly larger than the number of combinatorial type of the boundary complex of simplicial
d-polytopes with n vertices for d  6 and for n  0.
7. Exterior algebraic shifting of squeezed balls
Let K be an infinite field, V a K-vector space of dimension n with basis e1, . . . , en and
E =⊕nd=0∧d V the exterior algebra of V . For a subset S = {s1, s2, . . . , sk} ⊂ [n] with s1  s2 · · · sk , we write eS = es1 ∧ es2 ∧ · · · ∧ esk ∈E and xS = xs1xs2 · · ·xsk ∈R[n]. The element eS is
called the monomial of E of degree k. In the exterior algebra, the generic initial ideal Gin(J ) of
a graded ideal J ⊂ E is defined similarly as in the case of the polynomial ring [1, Theorem 1.6].
Let Γ be a simplicial complex on [n]. The exterior face ideal JΓ ⊂ E of Γ is the monomial
ideal generated by all monomials eS ∈ E with S /∈ Γ . The exterior algebraic shifted complex
Δe(Γ ) of Γ is the simplicial complex on [n] defined by JΔe(Γ ) = Gin(JΓ ). Thus knowing Δe(Γ )
is equivalent to knowing Gin(JΓ ).
A squarefree monomial ideal I ⊂ R[n] is called squarefree strongly stable if v ≺ u and u ∈ I
imply v ∈ I for all squarefree monomials u and v in R[n]. A simplicial complex Γ on [n] is
called shifted if IΓ ⊂ R[n] is squarefree strongly stable. We recall basic properties of Δe .
Lemma 7.1. (See [12, Proposition 8.8].) Let Γ and Γ ′ be simplicial complexes on [n]. Then
(i) IΔe(Γ ) is squarefree strongly stable;
(ii) IΓ and IΔe(Γ ) have the same Hilbert function;
(iii) if IΓ ⊂ I ′Γ , then IΔe(Γ ) ⊂ IΔe(Γ ′).
Let Γ be a simplicial complex on [n]. The cone Cone(Γ,n + 1) over Γ is the simplicial
complex on [n + 1] generated by {{n + 1} ∪ S: S ∈ Γ }. In other words, Cone(Γ,n + 1) is the
simplicial complex defined by ICone(Γ,n+1) = IΓ R[n+1].
Lemma 7.2. (See [20, Corollary 5.5].) Let n >m> 0 be positive integers, Γ a simplicial on [n]
and Γ ′ a simplicial complex on [m]. If IΓ = IΓ ′R[n], then IΔe(Γ ) = IΔe(Γ ′)R[n].
Proof. If IΓ = IΓ ′R[n], then Γ is obtained from Γ ′ by taking a cone repeatedly. On the other
hand, it follows from [20, Corollary 5.5] that
Δe
(
Cone(Γ ′, n+ 1))= Cone(Δe(Γ ′), n+ 1).
Thus the assertion follows. 
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A map σ :M[∞] → M[∞] is called a squarefree stable operator if σ satisfies
(i) if I ⊂ R[∞] is a finitely generated squarefree strongly stable ideal, then σ(I) is also a square-
free monomial ideal and βij (I ) = βij (σ (I )) for all i, j ;
(ii) if J ⊂ I are finitely generated squarefree strongly stable ideals of R[∞], then σ(J )⊂ σ(I).
Like strongly stable ideals, the graded Betti numbers of a squarefree strongly stable ideal
I ⊂ R[n] are given by the formula [12, Corollary 3.6]
βi,i+j (I ) =
∑
u∈G(I),deg(u)=j
(
m(u)− j
i
)
. (13)
Let σ :M[∞] → M[∞] be a squarefree stable operator and Γ a simplicial complex on [n]. We
write σ(Γ ) for the simplicial complex on [n] with
Iσ(Γ ) = σ(IΓ R[∞])∩R[n].
Lemma 7.3. Let σ :M[∞] → M[∞] be a squarefree stable operator, Γ a shifted simplicial
complex on [n]. Assume n  max(σ (IΓ R[∞])). Then one has max(IΓ ) = max(IΔe(σ (Γ ))). In
particular, for all nmmax(IΓ ) and for all d  0, one has∣∣{xS ∈ (IΓ )d : S ⊂ [m]}∣∣= ∣∣{xS ∈ (IΔe(σ (Γ )))d : S ⊂ [m]}∣∣.
Proof. First, we will show max(IΔe(σ (Γ ))) = max(IΓ ). The formula (13) says that, for every
squarefree strongly stable ideal J ⊂ R[n], one has
max(J ) = max{k: βik(J ) 
= 0 for some i}. (14)
Also, it follows from [12, Theorem 7.1] that
max
{
k: βik(Iσ(Γ )) 
= 0 for some i
}= max{k: βik(IΔe(σ (Γ ))) 
= 0 for some i}.
Since nmax(σ (IΓ R[∞])), IΓ and Iσ(Γ ) = σ(IΓ R[∞])∩R[n] have the same graded Betti num-
bers. Thus we have
max
{
k: βik(IΓ ) 
= 0 for some i
}= max{k: βik(IΔe(σ (Γ ))) 
= 0 for some i}. (15)
Since IΓ and IΔe(σ (Γ )) are squarefree strongly stable, the equalities (14) and (15) say
max(IΔe(σ (Γ ))) = max(IΓ ).
Since IΓ and Iσ(Γ ) have the same graded Betti numbers, Lemma 7.1 says that IΓ , Iσ(Γ ) and
IΔe(σ (Γ )) have the same Hilbert function. Thus IΓ ∩ R[m] and IΔe(σ (Γ )) ∩ R[m] have the same
Hilbert function for all nmmax(I ). Since the Hilbert function of Stanley–Reisner ideal IΓ
of Γ is determined by the f -vector of Γ , the previous fact says∣∣{xS ∈ (IΓ )d : S ⊂ [m]}∣∣= ∣∣{xS ∈ (IΔe(σ (Γ )))d : S ⊂ [m]}∣∣
for all d  0 and for all nmmax(I ). 
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Proof. Let m = max(IΓ ). By virtue of Lemma 7.3, what we must prove is
IΓ ∩R[m] = IΔe(σ (Γ )) ∩R[m].
We use induction on m. In case of m = 1, since G(IΓ ) = {x1} and since IΓ ∩ K[x1] and
IΔe(σ (Γ )) ∩K[x1] have the same Hilbert function, we have G(IΔe(σ (Γ ))) = {x1}.
Assume m> 1. Fix an integer d  0. Write I〈d〉 ⊂ R[∞] for the ideal generated by all square-
free monomials u ∈ IΓ ∩ R[m] of degree d . Consider the colon ideal J = (I〈d〉 : xm) ⊂ R[∞].
Then I〈d〉 and J are also squarefree strongly stable and max(J ) < m.
Let l = max{max(σ (J )),max(σ (I〈d〉)), n}. Let Γ ′ and Γ ′′ be simplicial complexes on [l] with
IΓ ′ = I〈d〉 ∩R[l] and with IΓ ′′ = J ∩R[l]. Since max(J ) < m, the assumption of induction says
IΓ ′′ = IΔe(σ (Γ ′′)). Also, since IΓ ′′ ⊃ IΓ ′ are squarefree strongly stable ideals, we have Iσ(Γ ′′) ⊃
Iσ(Γ ′). Thus Lemma 7.1(iii) says
IΓ ′′ = IΔe(σ (Γ ′′)) ⊃ IΔe(σ (Γ ′)). (16)
Let Σ be the simplicial complex on [l] with IΣ = IΓ R[l]. Since l  n, we have Iσ(Σ) = Iσ(Γ )R[l].
Thus, by Lemma 7.2, we have
IΔe(σ (Σ)) = IΔe(σ (Γ ))R[l].
Also, since IΓ R[∞] ⊃ I〈d〉, we have IΣ = (IΓ R[∞]) ∩ R[l] ⊃ I〈d〉 ∩ R[l] = IΓ ′ . Note that IΣ is
squarefree strongly stable. Then we have
IΔe(σ (Γ ))R[l] = IΔe(σ (Σ)) ⊃ IΔe(σ (Γ ′)).
In particular, since m n l, we have
IΔe(σ (Γ )) ∩R[m] ⊃ IΔe(σ (Γ ′)) ∩R[m]. (17)
Next, we will show
{
xS ∈ (IΓ ′′)d : S ⊂ [m]
}= {xS ∈ (IΓ ′)d : S ⊂ [m]}= {xS ∈ (IΓ )d : S ⊂ [m]}. (18)
The second equality directly follows from the definition of Γ ′. Also, IΓ ′′ ⊃ IΓ ′ is obvious. Thus
what we must prove is {xS ∈ (IΓ ′′)d : S ⊂ [m]} ⊂ {xS ∈ (IΓ ′)d : S ⊂ [m]}. Let xS ∈ IΓ ′′ ∩R[m] be
a squarefree monomial. Then xSxm ∈ I〈d〉 ∩R[m]. Since I〈d〉 is squarefree monomial ideal, there
is a squarefree monomial xT ∈ I〈d〉 ∩R[m] of degree d such that xT divides xSxm. Then we have
xT = (xSxm)/xi for some i ∈ S ∪ {m}. Thus we have xS  xT . Since I〈d〉 is squarefree strongly
stable, we have xS ∈ I〈d〉 ∩R[m] = IΓ ′ ∩R[m].
Lemma 7.3 together with (18) says
∣∣{xS ∈ (IΔe(σ (Γ ′′)))d : S ⊂ [m]}∣∣= ∣∣{xS ∈ (IΔe(σ (Γ ′)))d : S ⊂ [m]}∣∣
= ∣∣{xS ∈ (IΔe(σ (Γ )))d : S ⊂ [m]}∣∣.
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{
xS ∈ (IΓ )d : S ⊂ [m]
}= {xS ∈ (IΓ ′′)d : S ⊂ [m]}= {xS ∈ (IΔe(σ (Γ ′)))d : S ⊂ [m]}
= {xS ∈ (IΔe(σ (Γ )))d : S ⊂ [m]}.
Thus, for any squarefree monomial xS ∈ R[m], we have xS ∈ IΓ ∩ R[m] if and only if xS ∈
IΔe(σ (Γ )) ∩R[m]. Hence we have IΓ ∩R[m] = IΔe(σ (Γ )) ∩R[m] as required. 
Next, we will show that the maps αa : M[∞] → M[∞], which we define in Section 1, are
squarefree stable operators.
Lemma 7.5. (See [12, Lemmas 8.17 and 8.20].) Let α :M[∞] →M[∞] be the map defined by
α(xi1xi2 · · ·xik ) = xi1xi2+1 · · ·xik+k−1
for any monomial xi1xi2 · · ·xik ∈ M[∞] with i1  i2  · · · ik .
(i) If I ⊂ R[∞] is a finitely generated squarefree strongly stable ideal, then there is the strongly
stable ideal I ′ ⊂ R[∞] such that α(I ′) = I .
(ii) If I ⊂ R[∞] is a finitely generated strongly stable ideal, then α(I) ⊂ R[∞] is a squarefree
strongly stable ideal.
Proposition 7.6. Let a = (0, a1, a2, a3, . . .) be a nondecreasing infinite sequence of integers. Let
αa :M[∞] →M[∞] be the map defined by
αa(xi1xi2xi3 · · ·xik ) = xi1xi2+a1xi3+a2 · · ·xik+ak−1
for any monomial xi1xi2 · · ·xik ∈ M[∞] with i1  i2  · · ·  ik . Then αa :M[∞] → M[∞] is a
squarefree stable operator.
Proof. First, we will prove the property (i) of squarefree stable operators. Let α :M[∞] →M[∞]
be the map in Lemma 7.5 and let a′ = (0, a1 + 1, a2 + 2, a3 + 3, . . .). For any finitely generated
squarefree strongly stable ideal I ⊂ R[∞], Lemma 7.5 says that there is the strongly stable ideal
I ′ ⊂ R[∞] such that α(I ′) = I . Since αa(I ) = αa(α(I ′)) = αa′(I ′) and since Proposition 1.9
says that α and αa′ are stable operators, we have
βij (I ) = βij (I ′) = βij
(
αa
′
(I ′)
)= βij (αa(I ))
for all i, j .
Second, we will prove the property (ii) of squarefree stable operators. If I ⊃ J are finitely
generated squarefree strongly stable ideals of R[∞], then, for any u = xi1xi2 · · ·xik ∈ G(J ) with
i1 < i2 < · · ·< ik , there is w ∈G(I) such that w divides u. Since I is squarefree strongly stable,
we may assume w = xi1xi2 · · ·xil for some l  k. Then αa(w) divides αa(u). Thus we have
αa(u) ∈ αa(I ) and, therefore, αa(I ) ⊃ αa(J ). Hence αa :M[∞] → M[∞] is a squarefree stable
operator. 
728 S. Murai / Advances in Mathematics 214 (2007) 701–729Corollary 7.7. Let n > d > 0 be positive integers, Bd(U) a squeezed d-ball on [n] and
α(I (U)) ⊂ R[n] the ideal generated by all monomials α(u) with u ∈ R[n−d−1] and with u /∈ U .
Then
(i) IΔe(Bd(U)) = α(I (U));
(ii) Δe(Bd(U)) is the simplicial complex generated by
L = {{i1, i2 + 1, . . . , ik + k − 1} ∪ {n− k + 1, n− k + 2, . . . , n}: xi1xi2 · · ·xik ∈ U}.
Proof. (i) Let I (U) ⊂ R[n] be the ideal generated by all monomials u ∈ R[n−d−1] with u /∈U and
α2 :M[∞] → M[∞] the stable operator defined in Section 4. Then Proposition 4.1 says that IBd(U)
is the ideal generated by all monomials α2(u) = α(α(u)) with u ∈ R[n−d−1] and with u /∈ U .
Since Lemma 7.5 says that α(I (U)) is squarefree strongly stable and since α :M[∞] → M[∞] is
a squarefree stable operator, it follows from Proposition 7.4 that
IΔe(Bd(U)) = α
(
I (U)
)
.
(ii) First, we will show L⊂ Δe(Bd(U)). Let u = xi1xi2 · · ·xik ∈ U with i1  i2  · · · ik . The
ideal α(I (U)) is squarefree strongly stable. Then we have α(u) /∈ α(I (U)), because if α(u) ∈
α(I (U)) then there is α(w) = xi1xi2+1 · · ·xil+l−1 ∈ G(α(I (U))) for some l  k and w /∈ U
divides u. Since IΔe(Bd(U)) = α(I (U)), we have {i1, i2 + 1, . . . , ik + k − 1} ∈ Δe(Bd(U)). Since
Bd(U) is Cohen–Macaulay, it follows from [12, Theorem 8.13] that Δe(Bd(U)) is pure. Thus
there is a (d − k)-subset F ⊂ [n] \ {i1, i2 + 1, . . . , ik + k − 1} such that F ∪ {i1, i2 + 1, . . . , ik +
k− 1} ∈ Bd(U). Since Δe(Bd(U)) is shifted, we may assume F = {n− k+ 1, n− k+ 2, . . . , n}.
Thus we have L ⊂ Δe(Bd(U)).
On the other hand, Lemma 2.1 says
fd
(
Δe
(
Bd(U)
))= fd(Bd(U))= d+1∑
j=0
hj
(
Bd(U)
)= |U | = |L|.
Since Δe(Bd(U)) is pure and since L⊂ Δe(Bd(U)), it follows that Δe(Bd(U)) is the simplicial
complex generated by L. 
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